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ABSTRACT 
Gradient, chemically modified, flat surfaces enable directed transport of 
droplets. Calculation of apparent contact angles inherent for gradient surfaces is 
challenging even for atomically flat ones. Wetting of gradient, flat solid surfaces is 
treated within the variational approach, under which the contact line is free to move 
along the substrate. Transversality conditions of the variational problem give rise to 
the generalized Young equation valid for gradient solid surfaces. The apparent 
(equilibrium) contact angle of a droplet, placed on a gradient surface depends on the 
radius of the contact line and the values of derivatives of interfacial tensions. The 
linear approximation of the problem is considered. It is demonstrated that the contact 
angle hysteresis is inevitable on gradient surfaces. Electrowetting of gradient surfaces 
is discussed.  
Keywords: wetting; gradient surfaces; contact angle hysteresis; transversality 
conditions 
1. Introduction 
Contact angle hysteresis remains in the focus of interest of researchers 
working in the interface science [1-8]. Contact angle hysteresis (CAH) is inherent not 
only for solid/liquid but also for liquid/vapor interfaces [9-10]. Understanding of the 
phenomenon of contact angle hysteresis is crucial for a diversity of applications such 
as painting, printing and coating. Hysteresis, which is the difference between the 
maximum (advancing) and minimum (receding) contact angle, is caused by the 
adhesion hysteresis in the solid–liquid contact area (2D effect [11]) and by pinning of 
the solid–liquid-air triple line due to the surface roughness (1D effect) [4-8]. The 
phenomenological model of the CAH implying the free movement of the contact line 
along the substrate was suggested recently [1]. Usually contact angle hysteresis 
retains the motion of droplets; however, it was recently demonstrated that it may also 
promote the motion of floating objects [9-10]. 
The famous Young equation, relating the origin of the contact angle to the 
interaction between particles constituting a solid substrate and liquid predicts zero 
contact angle hysteresis (remarkably it could not be found in the famous essay by 
Thomas Young [12]). It asserts that the equilibrium contact angle θY is unambiguously 
defined by the triad of the surface tensions: 
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where  ,, SLSA  are the surface tensions at the solid/air (vapor), solid/liquid and 
liquid/air interfaces respectively [6-8]. Various pathways of rigorous thermodynamic 
grounding of the Young equation were suggested, including the principle of virtual 
works [13], minimization of the free energy of the drop [14] and concepts supplied by 
non-extensive thermodynamics [15]. However, it seems that the most accurate and 
general derivation of the Young equation is obtained within variational treatment of 
the wetting problem [8, 16-19], exploiting the transversality conditions (TC) for the 
appropriate variational problem with free endpoints [19-20]. TC is a necessary 
condition for the vanishing of the first variation of a functional in the variational 
problems [19-20]. The presented paper demonstrates that the same variational method 
is applicable for the analysis of the CAH on the gradient surfaces, studied extensively 
in the past decade in a view of their biomedical and micro-fluidics applications [21-
26]. There exist a variety of methods enabling manufacturing of gradient surfaces, one 
of which is the varying of the topography of the surface [23, 24].  Our paper is 
devoted to wetting of atomically smooth gradient surfaces, such as those reported in 
Refs. 22, 27, where the gradient surfaces were prepared with the diffusion controlled 
chemical reactions, in particular by allowing the vapor of decyltrichlorosilane to 
diffuse over a silicon wafer [27]. The resulting surface displayed a gradient of 
hydrophobicity (with the contact angle of water changing from 97º to 25º) over a 
distance of 1 centimeter, enabling directed transport of water droplets [22, 27].  
 
2. Results and Discussion 
 Consider wetting of an atomically flat, gradient substrate in the situation of the 
partial wetting when the spreading parameter is negative [6-8]. For the sake of 
simplicity consider the axially symmetrical situation depicted in Figure 1. When a 
droplet is deposited on such a gradient substrate as depicted in Figure 1, its free 
energy G could be written as: 
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where a is the contact radius, h(x) is the local height of the liquid surface above the 
point x of the substrate;
dx
dh
h  ; const is the surface tension of liquid, )(xSL  and 
)(xSA are the x-coordinate-dependent solid-liquid and solid-air interfacial tensions 
(recall, that the solid surface is the “gradient” one, the distribution of interfacial 
tensions is axially-symmetric about the y-axis, and the roughness of the surface is 
negligible), U (x,h) represents the axisymmetric external field, into which the entire 
system is embedded,  is a line tension which for the sake of simplicity is assumed to 
be constant across the surface [28-30], and the integral is extended over the substrate 
area. The first term of the integrand presents the capillary energy of the liquid cap and 
the second term describes the change in the energy of the gradient substrate covered 
by liquid. We also suppose that the droplet does not loss its mass, thus the condition 
of the constant volume V should be considered as: 
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Eqs. 2-3 reduce the problem to minimization of the functional: 
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where   is the Lagrange multiplier to be calculated from Eq. 3. For a calculation of 
the droplet's shape we would have to solve the appropriate Euler-Lagrange equations 
[19]. However, we will not calculate the droplet's shape, since our interest is the 
apparent equilibrium contact angle θ corresponding to the equilibrium of the droplet. 
Now consider that we treat the variational problem with free endpoints [19-20]. Thus, 
the TC of the variational problem should be involved [19-20]. TC at the endpoint a 
supplies: 
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where hG 
~
 denotes the h  derivative of G
~
[16]. Substitution of Eq. 5 into the TC, 
given by Eq. 7, taking into account 0)( ah , 0)0,(  haxU , and the routine 
transformations akin to those performed in Refs. [8, 16-17] give rise to Eq. 7: 
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which looks well-expected and trivial. Indeed, the equilibrium, apparent contact angle 
θ depends on the values of interfacial tensions, as taken at the contact (triple) line, 
namely )(aSA and )(aSL , as mentioned in Ref. 31. Eq.7 may be easily understood 
within the traditional “force-based” interpretation of the Young equation [32]. It is 
easily recognized that the apparent contact angle θ is independent on the external field 
U(h, x), under assumptions adopted for this field. However Eq. 7 is less trivial than it 
seems from the first glance, owing to the fact that the apparent contact angle θ now 
depends on the radius of the contact line a; thus, Eq.7 immediately predicts the CAH, 
inevitable for gradient surfaces even when the effects due to the line tension are 
negligible.  
 Let us establish the CAH quantitatively. For this purpose we expand 
interfacial tensions into Taylor-McLaurin series (we restrict ourselves by the linear 
approximation; recall also that the surface distribution of the interfacial tensions
)(xSA ) and )(xSL is suggested to be axisymmetric). The aforementioned expanding 
yields: 
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Substitution of Eqs.8a-8b into Eq. 7 gives rise to Eqs. 9a-9b: 
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Formulae 9a-9b represent the generalized Young equation for gradient surfaces. 
Restrict our treatment by the linear approximation for the x-dependencies of interfacial 
tensions; namely, assume: 
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Substituting Eqs. 10a-10b into Eq. 9a immediately yields: 
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Formulae 9-11 express the main result of the article. The change in the apparent 
contact angle for gradient surfaces is governed by the derivatives of interfacial 
tensions; in other words: CAH hysteresis arises from physical or chemical 
heterogeneities of the solid, as already been suggested by Joanny and de Gennes in 
Ref. [33].  It is also recognized from Eqs. 9-11, that the apparent contact angle θ 
depends on the radius of the contact radius a. The precise value and the sign of the 
line tension are not well-known; however the values of   in the range 
N1010 119    look realistic [28-30]; hence the effects related to line tension can be 
important for nano-scaled droplets or for nano-scaled rough surfaces [6-8]. For micro- 
and macro-scaled droplets Eq. 11 may be simplified as follows: 
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Eq. 12 implies the size dependence of the apparent contact angle θ, i.e. the 
contact angle hysteresis is inevitable on the gradient surfaces, with the only possible 
exception, occurring when the condition: 0   takes place. We also conclude 
that the effects of gradients of interfacial tensions on the apparent contact angle 
become essential when the condition supplied by Eq. 13 is true:  
                                              0cos)( 


a
                                      (13) 
Obviously, the restriction: 1)(cos 0 
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 , arising from Eq. 11, is 
imposed. The deviations of the cosine of the apparent contact angle θ from the same 
taken in the vicinity of the geometrical center of a droplet, calculated for various 
numerical values of gradients of interfacial tensions and various values of 0cos are 
supplied in Figures 2-4. Consider, that the sign of the difference of   may be 
negative.  
 The suggested approach may be easily adopted for prediction of apparent 
contact angles, under electrowetting [34, 35] of gradient surfaces (it was shown in 
Ref. 35, that electrowetting of gradient surfaces enables creation of variable focal lens 
controlled by an external voltageU
~
). In this case the apparent contact angle θ will be 
supplied by Eq. 14: 
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where C is the surface capacitance. 
 Conclusions 
Gradient, atomically flat surfaces are promising in a view of their micro-fluidics 
applications [22, 27]. Silicon wafers exposed to the vapor of decyltrichlorosilane 
enabled contra-intuitive upward climbing of water [27]. At the same time prediction 
of equilibrium contact angles on gradient surfaces is far from to be trivial, even when 
they are atomically smooth [8]. The generalized Young equation, derived for gradient 
surfaces, is reported. We conclude that the apparent (equilibrium) contact angle for 
droplets placed on so-called gradient surfaces [21-27] is the contact-radius-dependent 
value. For micro- and macro-scaled droplets (when the effects due to the line tension 
[28-30] are neglected), the value of the contact angle hysteresis is defined by the 
dimensionless value of: )( 


a
, where α and  are the values of derivatives of 
interfacial tensions (suggested to be constant for the sake of simplicity); a is the 
contact radius, and γ is the liquid/vapor surface tension. In principle, the contact angle 
hysteresis on gradient surfaces may be arbitrarily large. The equilibrium apparent 
contact angles are independent on the external fields (gravity, etc.), acting on a 
droplet, placed on a gradient surface. The pure macroscopic approach, ignoring the 
microscopic details of the interaction of the triple line with the substrate, based on the 
variational treatment of the problem of wetting, should be emphasized [8]. The 
extension of the proposed approach to electrowetting of gradient surfaces is reported. 
In the future investigations it is planned to study wetting of gradient rough and 
chemically heterogeneous surfaces, using the variational approach, under which the 
contact line is free to move, exploiting the transversality conditions of the appropriate 
variational problem [19-20]. 
Acknowledgements  
The author is indebted to Professor Gene Whyman for his longstanding 
fruitful cooperation in the study of wetting phenomena. I am especially indebted to 
Mrs. Yelena Bormashenko for her inestimable help in preparing this manuscript.  
 
 
 
 
 
References 
[1] L. Makkonen, A Thermodynamic model of contact angle hysteresis, J. Chem. 
Phys. 147 (2017) 064703. 
[2] Sh. Wu, M. Ma, A Contact angle hysteresis model based on the fractal structure of 
contact line, J. Colloid & Interface Sci. 505 (2017) 995-1000. 
[3] R. Tadmor, Line energy, line tension and drop size, Surf. Sci. 602 (14) (2008) 
L108-L111. 
[4] R. Tadmor, Approaches in wetting phenomena, Soft Matter 7 (2011) 1577-158. 
[5] B. Hejazi, M. Nosonovsky, Contact angle hysteresis in multiphase systems, 
Colloid & Polymer Sci. 291 (2) (2013) 329–338.  
[6] P. G. de Gennes, F. Brochard-Wyart, D. Quéré, Capillarity and Wetting 
Phenomena, Springer, Berlin, 2003. 
[7] Y. Erbil, Surface Chemistry of Solid and Liquid Interfaces, Blackwell Publishing, 
Oxford, 2006. 
[8] E. Bormashenko, Wetting of Real Surfaces, de Gruyter, Berlin, 2013. 
[9] Q. Dai, W. Huang, X. Wang, Contact angle hysteresis effect on the 
thermocapillary migration of liquid droplets, J. Colloid & Interface Sci. 515 (2018) 
32–38. 
[10] M. Frenkel, V. Danchuk, V. Multanen, Ed. Bormashenko, Magnetic field 
inspired contact angle hysteresis drives floating polyolefin rafts, Colloid & Interface 
Sci. Communications, 22 (2018) 38-41. 
[11] R. Tadmor, R. Das, S. Gulec, J. Liu, H. E. N’guessan, M. Shah, P. S. Wasnik,  S. 
B. Yadav, Solid–liquid work of adhesion, Langmuir 33 (15) (2017) 3594–3600.  
[12] Th. Young, An Essay on the cohesion of liquids, Phil. Trans. Royal Society of 
London 95 (1806) 65-87. 
[13] J. Bico, U. Thiele, D. Quéré, Wetting of textured surfaces, Colloids & Surf. A 
206 (2002) 41–46. 
[14] G. Whyman, Ed. Bormashenko, T. Stein, The rigorous derivation of Young, 
Cassie–Baxter and Wenzel Equations and the analysis of the contact angle hysteresis 
phenomenon, Chem. Phys. Lett. 450 (2008) 355-359. 
[15] P. Letellier, Al. Mayaffre, M. Turmine, Drop size effect on contact angle 
explained by non-extensive thermodynamics, Young's equation revisited, J. Colloid 
Interface Sci. 214 (2007) 604-614. 
[16] Ed. Bormashenko, B.-N. Young, Wenzel and Cassie–Baxter equations as the 
transversality conditions for the variational problem of wetting, Colloids & Surfaces 
A 345 (2009) 163–165. 
[17] Ed. Bormashenko, Physics of Solid–Liquid Interfaces: From the Young equation 
to the superhydrophobicity, Low Temp. Phys. 42 (2016) 622-635. 
[18] Y. Gong, Y. Mei, J. Liu, Capillary adhesion of a circular plate to solid: large 
deformation and movable boundary condition, Int. J. Mechanical Sci. 126 (2017) 222-
228.  
[19] I. M. Gelfand, S.V. Fomin, Calculus of Variations, Dover, 2000. 
[20] J.-L. Liu, R. Xia, A unified analysis of a micro-beam, droplet and CNT ring 
adhered on a substrate: Calculation of variation with movable boundaries, Acta 
Mechanica Sinica 29 (1) (2013) 62–72. 
[21] J. H. Lee, G. Khang, J.W. Lee, H.B. Lee, Interaction of different types of cells on 
polymer surfaces with wettability gradient, J. Colloid & Interface Sci. 205 (2) (1998) 
323-330. 
[22] S. Daniel, M.K. Chaudhury, Rectified motion of liquid drops on gradient 
surfaces induced by vibration, Langmuir 18 (9) (2002) 3404–3407. 
[23] M. K. Chaudhury, A. Chakrabarti, S. Daniel, Generation of motion of drops with 
interfacial contact, Langmuir 31 (34) (2015) 9266–9281. 
[24] Y. P. Hou, S. L. Feng, K. M. Dai, Y.M. Zheng, Droplet manipulation on wettable 
gradient surfaces with micro-/nano-hierarchical structure, Chem. Mater. 28 (11) 
(2016) 3625–3629. 
[25] L.-M. Luo, Z.-H. Jia, H.-N. Yang, Z.-T. Zhang, M.-Y. Chen, Evaporation 
characteristics of droplets on a gradient microhole-patterned surface, J. Materials Sci. 
(2017)  DOI 10.1007/s10853-017-1594-4 
[26] D. Giri, Z. Li, K.M. Ashraf, M.M. Collinson, D. A. Higgins, Molecular combing 
of k-DNA using self-propelled water droplets on wettability gradient surfaces, ACS 
Appl. Mater. Interf. 8 (36) (2016) 24265–24272. 
[27] M. K Chaudhury, G. M Whitesides, How to make water run uphill, Science 
256 (1992) 1539-1541. 
[28] A. Checco, P. Guenoun, Nonlinear dependence of the contact angle of 
nanodroplets on contact line curvature, Phys. Rev. Lett. 91 (2003) 186101. 
[29] T. Pompe, A. Fery, S. Herminghaus, Measurement of contact line tension by 
analysis of the three-phase boundary with nanometer resolution, in J. Drelich, J. S. 
Laskowski, K. L. Mittal (Eds.), Apparent and Microscopic Contact Angles, VSP, 
Utrecht, 2000, pp. 3-12.  
[30] R. Tadmor, Line energy and the relation between advancing, receding, and 
Young contact angles, Langmuir 20 (18) (2004) 7659–7664. 
[31] J.-L, Liu, R. Xia, X. H. Zhou, A new look on wetting models: continuum 
analysis, Science China Physics, Mechanics and Astronomy, 55 (11) (2012) 2158–
2166. 
[32] A. W. Adamson, A. P. Gast A. P. Physical Chemistry of Surfaces, Sixth 
Edition, Wiley-Interscience Publishers, New York, 1990. 
[33] J. F. Joanny, P. G. de Gennes, A model for contact angle hysteresis, J. Chem. 
Phys. 81 (1) (1984) 552–562. 
[34] Fr. Mugele J-Ch. Baret, Electrowetting: from basics to applications, J. Phys.: 
Condens. Matter, 17 (2005) R705–R774. 
[35] B. Berge, J. Peseux, Variable focal lens controlled by an external voltage: An 
application of electrowetting Eur. Phys. J. E 3 (2000) 159–163. 
  
  
 
 
 
 
Figure 1. A cross-section of the spherically-symmetrical droplet deposited on 
the gradient substrate characterized by )(xSL  and )(xSA , exposed to an external 
axisymmetric field U(x,h). 
 
 
 
 
 
 
 
 
  
-a a 
h(x) 
U(x,h) 
θ 
x 
y 
 
 
  
 
 
 
Figure 2. The dependence of the cosine of the apparent contact angle θ on the radius 
of the contact angle a, is plotted for water droplets (
2
0.70
m
mJ
 ) placed on the 
surface with 00 90 , as calculated with Eq. 12. The black dashed line corresponds to 
the difference of gradients of the interfacial tensions
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Figure 3. The dependence of the cosine of the apparent contact angle θ on the radius 
of the contact angle a, is plotted for water droplets (
2
0.70
m
mJ
 ) placed on the 
surface with 00 80 , as calculated with Eq. 12. The black dashed line corresponds to 
the difference of gradients of the interfacial tensions
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The green dashed line corresponds to the difference of gradients of the interfacial 
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  . The grey dotted line corresponds to 174.0coscos 0   . 
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Figure 4. The dependence of the cosine of the apparent contact angle θ on the radius 
of the contact angle a, is plotted for water droplets (
2
0.70
m
mJ
 ) placed on the 
surface with 00 80 , as calculated with Eq. 12. The black dashed line corresponds to 
the difference of gradients of the interfacial tensions
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  . The red dashed 
line corresponds to the difference of gradients of the interfacial tensions
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  . The green dashed line corresponds to the difference of gradients of 
the interfacial tensions
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  . The grey dotted line corresponds to
174.0coscos 0   . 
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